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We reconstruct an explicit model of modified gravity in which a crossing of the phantom divide can be
realized. It is shown that the (finite-time) Big Rip singularity appears in the model of modified gravity
(i.e., in the so-called Jordan-frame), whereas that in the corresponding scalar field theory obtained through
the conformal transformation (i.e., in the so-called Einstein frame) the singularity becomes the infinite-
time one. Furthermore, we investigate the relations between the scalar field theories with realizing a
crossing of the phantom divide and the corresponding modified gravitational theories by using the inverse
conformal transformation. It is demonstrated that the scalar field theories describing the nonphantom
phase (phantom one with the Big Rip) can be represented as the theories of real (complex) FðRÞ gravity
through the inverse (complex) conformal transformation. We also study a viable model of modified
gravity in which the transition from the de Sitter universe to the phantom phase can occur. In addition, we
explore the stability for the obtained solutions of the crossing of the phantom divide under a quantum
correction coming from conformal anomaly.
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I. INTRODUCTION
It is observationally confirmed that the current expan-
sion of the Universe is accelerating [1–3]. Various scenar-
ios to explain the current accelerated expansion of the
Universe have been proposed. The mechanism, however,
is not well understood yet (for recent reviews, see [4–8]).
There are two approaches to account for the current
accelerated expansion of the Universe. One is to introduce
some unknown matter, which is called ‘‘dark energy’’ in
the framework of general relativity. The other is to modify
the gravitational theory, e.g., in simplest case to study the
action described by an arbitrary function of the scalar
curvature R, which is called ‘‘FðRÞ gravity.’’ Here, FðRÞ
is an arbitrary function of the scalar curvature R (for re-
views, see [7,8]).
According to the recent various observational data in-
cluding the Type Ia supernovae Gold dataset [9], there
exists the possibility that the effective equation of state
(EoS) parameter, which is the ratio of the effective pressure
of the Universe to the effective energy density of it, evolves
from larger than 1 (nonphantom phase) to less than 1
(phantom one, in which superacceleration is realized; e.g.,
see [10]), namely, crosses 1 (the phantom divide) cur-
rently or in near future.
A number of attempts to realize the crossing of the
phantom divide have been made in the framework of
general relativity: For instance, scalar-tensor theories
with the nonminimal gravitational coupling between a
scalar field and the scalar curvature [11] or that between
a scalar field and the Gauss-Bonnet term [12], one scalar
field model with nonlinear kinetic terms [13] or a nonlinear
higher-derivative one [14], phantom coupled to dark matter
with an appropriate coupling [15], the thermodynamical
inhomogeneous dark energy model [16], multiple kinetic
k-essence [17], multifield models (two scalar fields model
[18–20], ‘‘quintom’’ consisting of phantom and canonical
scalar fields [21]), and the description of those models
through the parameterized post-Friedmann approach [22],
or a classical Dirac field [23] or string-inspired models
[24], nonlocal gravity [25,26], a model in loop quantum
cosmology [27], and a general consideration of the cross-
ing of the phantom divide [28–30] (for a detailed review,
see [6]). In fact, however, explicit models of modified
gravity realizing the crossing of the phantom divide have
hardly been investigated, although there were suggestive
and interesting related works [7,31,32].
In the present paper, we study a crossing of the phantom
divide in modified gravity. We reconstruct an explicit
model of modified gravity in which a crossing of the
phantom divide can be realized by using the reconstruction
method proposed in Ref. [33]. Furthermore, we investigate
the corresponding scalar field theory, in which there exist
the Einstein-Hilbert action and a scalar field, obtained
through a conformal transformation of the modified gravi-
tational theory, and compare the evolution of theUniverse
in the modified gravitational theory with that in the corre-
sponding scalar field theory. It is shown that the (finite-
time) big rip singularity [34,35] appears in the recon-
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structed model of modified gravity (i.e., in the so-called
Jordan frame), whereas that in the corresponding scalar
field theory obtained through the conformal transformation
(i.e., in the so-called Einstein frame) the singularity be-
comes the infinite-time one. Moreover, we consider the
relations between the scalar field theories with realizing a
crossing of the phantom divide and the corresponding
theories of modified gravity by using the inverse conformal
transformation of scalar field theories. It is demonstrated
that the scalar field theories describing the nonphantom
phase (phantom one with the big rip singularity) can be
represented as the theories of real (complex) FðRÞ gravity
through the inverse (complex) conformal transformation.
On the other hand, a very realistic model of modified
gravity that evades solar-system tests and realizes a viable
cosmic expansion in the past has recently been proposed in
Ref. [36] (for some related models, see [37,38]). In this
model, our Universe is asymptotically de Sitter space.
Therefore, we also reconstruct a model of modified gravity
in which the transition from the de Sitter universe to the
phantom phase can occur in such a viable theory. In
addition, we explore the stability for the obtained solutions
of the crossing of the phantom divide under a quantum
correction, in particular, conformal anomaly.
Our goal in this paper is to show that in principle the
crossing of the phantom divide can be realized in the
framework of modified gravity without introducing any
extra scalar components with the wrong kinetic sign (phan-
tom). We reconstruct such an explicit model of modified
gravity. By presenting it, it can be illustrated that the
crossing of the phantom divide can occur in modified
gravity as the scalar field theories in the framework of
general relativity. The demonstration in this work can be
interpreted as a meaningful step to construct a more real-
istic model of modified gravity, which could correctly
describe the expansion history of the Universe.
This paper is organized as follows: In Sec. II, we explain
the reconstruction method of modified gravity proposed in
Ref. [33]. Using this method, we reconstruct an explicit
model of modified gravity in which a crossing of the
phantom divide can be realized. In particular, we show
that the big rip singularity appears in this modified gravi-
tational theory. In Sec. III, we consider the corresponding
scalar field theory, which is obtained by making the con-
formal transformation of the modified gravitational theory
with realizing a crossing of the phantom divide. We dem-
onstrate that the big rip singularity does not appear in the
corresponding scalar field theory. In Sec. IV, we investigate
the relations between scalar field theories and the corre-
sponding modified gravitational ones. In Sec. V, we study
the viable model of modified gravity in which the transition
from the de Sitter universe to the phantom phase can occur.
In Sec. VI, we examine the stability for the obtained
solutions of the phantom crossing under a quantum cor-
rection coming from conformal anomaly. Finally, some
summaries and outlooks are given in Sec. VII. Detailed
derivations and explanations about each section are shown
in Appendixes A, B, C, D, E, and F. We use units in which
kB ¼ c ¼ @ ¼ 1 and denote the gravitational constant
8G by 2, so that 2  8=MPl2, whereMPl ¼ G1=2 ¼
1:2 1019 GeV is the Planck mass.
II. RECONSTRUCTION OF MODIFIED GRAVITY
We investigate modified gravity with realizing a cross-
ing of the phantom divide by using the reconstruction
method. (The equivalence between FðRÞ gravity and the
scalar-tensor theory was explicitly shown in Ref. [39]. The
limited case was given in Ref. [40].)
A. Reconstruction method
First, we briefly review the reconstruction method of
modified gravity proposed in Ref. [33].
The action of FðRÞ gravity with general matter is given
by
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃgp FðRÞ
22
þLmatter

; (2.1)
where g is the determinant of the metric tensor g and
Lmatter is the matter Lagrangian.
The action (2.1) can be rewritten to the following form
by using proper functions PðÞ and QðÞ of a scalar field
:
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃgp  1
22
½PðÞRþQðÞ þLmatter

: (2.2)
The scalar field  may be regarded as an auxiliary scalar
field because  has no kinetic term. It follows from the
action (2.1) that the equation of motion of  is given by
0 ¼ dPðÞ
d
Rþ dQðÞ
d
; (2.3)
which may be solved with respect to  as  ¼ ðRÞ.
Substituting  ¼ ðRÞ into the action (2.2), we find that
the expression of FðRÞ in the action of FðRÞ gravity in
Eq. (2.1) is given by
FðRÞ ¼ PððRÞÞRþQððRÞÞ: (2.4)
From the action (2.2), we find that the field equation of
modified gravity is given by
1
2g½PðÞRþQðÞ  RPðÞ  ghPðÞ
þ rrPðÞ þ 2TðmatterÞ ¼ 0; (2.5)
where r is the covariant derivative operator associated
with g, h  grr is the covariant d’Alembertian
for a scalar field, and TðmatterÞ is the contribution to the
matter energy-momentum tensor.
We assume the flat Friedmann-Robertson-Walker
(FRW) space-time with the metric
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ds2 ¼ dt2 þ a2ðtÞdx2; (2.6)
where aðtÞ is the scale factor.
In this background, the ð; Þ ¼ ð0; 0Þ component and
the trace part of the ð; Þ ¼ ði; jÞ component of Eq. (2.5),
where i and j run from 1 to 3, read
 6H2PððtÞÞ QððtÞÞ  6H dPððtÞÞ
dt
þ 22 ¼ 0;
(2.7)
and
2
d2PððtÞÞ
dt2
þ 4HdPððtÞÞ
dt
þ ð4 _H þ 6H2ÞPððtÞÞ
þQððtÞÞ þ 22p ¼ 0; (2.8)
respectively, where H ¼ _a=a is the Hubble parameter and
a dot denotes a time derivative, _¼ @=@t. Here,  and p are
the sum of the energy density and pressure of matters with
a constant EoS parameter wi, respectively, where i denotes
some component of the matters.
Eliminating QðÞ from Eqs. (2.7) and (2.8), we obtain
d2PððtÞÞ
dt2
HdPððtÞÞ
dt
þ 2 _HPððtÞÞ þ 2ðþ pÞ ¼ 0:
(2.9)
We note that the scalar field  may be taken as  ¼ t
because  can be redefined properly.
We now consider that aðtÞ is described as
aðtÞ ¼ a expð~gðtÞÞ; (2.10)
where a is a constant and ~gðtÞ is a proper function. In this
case, Eq. (2.9) is reduced to
d2PðÞ
d2
 d~gðÞ
d
dPðÞ
d
þ 2 d
2~gðÞ
d2
PðÞ
þ 2X
i
ð1þ wiÞ i a3ð1þwiÞ exp½3ð1þ wiÞ~gðÞ ¼ 0;
(2.11)
where i is a constant, and we have used H ¼
d~gðÞ=ðdÞ. Moreover, it follows from Eq. (2.7) that
QðÞ is given by
QðÞ ¼ 6

d~gðÞ
d

2
PðÞ  6 d~gðÞ
d
dPðÞ
d
þ 22X
i
i a
3ð1þwiÞ exp½3ð1þ wiÞ~gðÞ:
(2.12)
Hence, if we obtain the solution of Eq. (2.11) with respect
to PðÞ, then we can find QðÞ. In Appendix A, some
points on the reconstruction method are noted.
We mention that the convenient reconstruction for scalar
field theories could be given in Refs. [41,42] (for a recent
review, see [43]). Furthermore, the reconstruction in the
scalar-Einstein-Gauss-Bonnet theories was considered in
Ref. [44].
B. Explicit model with realizing a crossing of the
phantom divide
Next, using the reconstruction method explained in the
preceding subsection, we reconstruct an explicit model in
which a crossing of the phantom divide can be realized.
A solution of Eq. (2.11) without matter can be given by
PðÞ ¼ e~gðÞ=2 ~pðÞ; (2.13)
~gðÞ ¼ 10 ln


t0
  C
t0

þ1
; (2.14)
~pðÞ ¼ ~pþþ þ ~p ; (2.15)
 ¼ 1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 100ðþ 1Þp
2
; (2.16)
where  and C are positive constants, t0 is the present time,
and ~p are arbitrary constants. The derivation of this
solution is shown in Appendix B.
From Eq. (2.14), we find that ~gðÞ diverges at finite 
when
 ¼ ts  t0C1=ð2þ1Þ; (2.17)
which tells that there could be thebig rip singularity at t ¼
ts [34,35]. (Other kinds of finite-time future singularities
have been studied in Ref. [45].) One only needs to consider
the period 0< t < ts because ~gðÞ should be real number.
Equation (2.14) also gives the following Hubble rate HðtÞ:
HðtÞ ¼ d~gðÞ
d
¼

10
t0
ðt0Þ1 þ ðþ 1ÞCðt0Þ
ðt0Þ  Cð

t0
Þþ1

;
(2.18)
where it is taken  ¼ t.
In the FRW background (2.6), even for modified gravity
described by the action (2.1), the effective energy density
and pressure of the Universe are given by eff ¼ 3H2=2
and peff ¼ ð2 _H þ 3H2Þ=2, respectively. The effective
EoS parameter weff ¼ peff=eff is defined as [7]
weff  1 2
_H
3H2
: (2.19)
For the case of HðtÞ in Eq. (2.18), from Eq. (2.19) we find
that weff is expressed as
weff ¼ 1þUðtÞ; (2.20)
where
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UðtÞ   2 _H
3H2
¼ þ 4ðþ 1Þð
t
ts
Þ2þ1 þ ðþ 1Þð ttsÞ2ð2þ1Þ
15½þ ðþ 1Þð ttsÞ2þ12
:
(2.21)
Moreover, the scalar curvature is given by R ¼
6ð _H þ 2H2Þ. For the case of Eq. (2.18), R is described as
R ¼ 60½ð20 1Þ þ 44ðþ 1Þð
t
ts
Þ2þ1 þ ðþ 1Þð20þ 21Þð ttsÞ2ð2þ1Þ
t2½1 ð ttsÞ2þ12
: (2.22)
In deriving Eqs. (2.21) and (2.22), we have used Eq. (2.17).
When t! 0, i.e., t ts, HðtÞ behaves as
HðtÞ  10
t
: (2.23)
In this limit, it follows from Eq. (2.19) that the effective
EoS parameter is given by
weff ¼ 1þ 115 : (2.24)
This behavior is identical with that in the Einstein gravity
with matter whose EoS parameter is greater than 1.
On the other hand, when t! ts, we find
HðtÞ  10
ts  t : (2.25)
In this case, the scale factor is given by aðtÞ  aðts  tÞ10.
When t! ts, therefore, a! 1, namely, the big rip singu-
larity appears. In this limit, the effective EoS parameter is
given by
weff ¼ 1 115 ¼ 1615: (2.26)
This behavior is identical with the case in which there is a
phantom matter with its EoS parameter being smaller than
1. Thus, we have obtained an explicit model showing a
crossing of the phantom divide.
It follows from Eq. (2.19) that the effective EoS parame-
terweff becomes1when _H ¼ 0. Solvingweff ¼ 1with
respect to t by using Eq. (2.20), namely, UðtÞ ¼ 0, we find
that the effective EoS parameter crosses the phantom di-
vide at t ¼ tc given by
tc ¼ ts

2þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
42 þ 
þ 1
s 
1=ð2þ1Þ
: (2.27)
From Eq. (2.21), we see that when t < tc,UðtÞ> 0 because
 > 0. Moreover, the time derivative of UðtÞ is given by
dUðtÞ
dt
¼  2ðþ 1Þð2þ 1Þ
2
15½þ ðþ 1Þð ttsÞ2þ13

1
ts

t
ts

2


1

t
ts

2þ1
: (2.28)
Equation (2.28) tells that the relation dUðtÞ=ðdtÞ< 0 is
always satisfied because we only consider the period 0<
t < ts as mentioned above. This means that UðtÞ decreases
monotonously. Thus, the value of UðtÞ evolves from posi-
tive to negative. From Eq. (2.20), we see that the value of
weff crosses 1. Once the Universe enters the phantom
phase, it stays in this phase, namely, the value of weff
remains less than 1, and finally the big rip singularity
appears because UðtÞ decreases monotonically. Note that
other types of the finite-time future singularities in modi-
fied gravity are possible as demonstrated in Ref. [46].
It follows from Eqs. (2.13), (2.14), (2.15), and (2.17) that
PðtÞ is given by
PðtÞ ¼
 ð tt0Þ
1 ð ttsÞ2þ1

5X
j¼
~pjt
j : (2.29)
Using Eqs. (2.12) and (2.29), one gets
QðtÞ ¼ 6H
 ð tt0Þ
1 ð ttsÞ2þ1

5X
j¼

3
2
H þ j
t

~pjt
j :
(2.30)
If we can solve Eq. (2.22) with respect to t as t ¼ tðRÞ, in
principle we can obtain the form of FðRÞ by using this
solution and Eqs. (2.4), (2.29), and (2.30). In fact, however,
for the general case it is difficult to solve Eq. (2.22) as t ¼
tðRÞ. Hence, as an solvable example, we show the behavior
of t2sFð ~RÞ as a function of ~R  t2sR in Fig. 1 for  ¼ 1=2,
~pþ ¼ 1=tþs , ~p ¼ 0, þ ¼ ð1þ 2
ﬃﬃﬃﬃﬃ
19
p Þ=2, and ts ¼
2t0. The quantities in Fig. 1 are shown in dimensionless
quantities. The horizontal and vertical axes show ~R and
t2sF, respectively. (Here, ~R ¼ t2sR ¼ 4R=R0, where R0 is
the current curvature. In deriving this relation, we have
used ts ¼ 2t0, t0  H10 , where H0 is the present Hubble
parameter.) From Fig. 1, we see that the value of FðRÞ
increases as that of R becomes larger.
To examine the analytic form of FðRÞ for the general
case, we investigate the behavior of FðRÞ in the limits t!
0 and t! ts. When t! 0, from Eq. (2.23) we find
t
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
60ð20 1Þ
R
s
: (2.31)
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In this limit, it follows from Eqs. (2.4), (2.23), (2.29),
(2.30), and (2.31) that the form of FðRÞ is given by
FðRÞ 
 ½1t0 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ60ð20 1Þp R1=2
1 ½1ts
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
60ð20 1Þp R1=22þ1

5
R
 X
j¼

5 1 j
20 1

 ~pj½60ð20 1Þj=2Rj=2

: (2.32)
On the other hand, when t! ts, from Eq. (2.25) we
obtain
t ts  3
ﬃﬃﬃﬃﬃﬃﬃﬃ
140
R
s
: (2.33)
In this limit, it follows from Eqs. (2.4), (2.5), (2.29), (2.30),
and (2.33) that the form of FðRÞ is given by
FðRÞ 
 f1t0 ½ts  3 ﬃﬃﬃﬃﬃﬃﬃﬃ140p R1=2g
1 ½1 3
ﬃﬃﬃﬃﬃ
140
p
ts
R1=22þ1

5
R
 X
j¼
~pj½ts  3
ﬃﬃﬃﬃﬃﬃﬃﬃ
140
p
R1=2j


1
ﬃﬃﬃﬃﬃ
20
7
s  ﬃﬃﬃﬃﬃ
15
84
s
ts þ ðj  15ÞR1=2

 1
ts  3
ﬃﬃﬃﬃﬃﬃﬃﬃ
140
p
R1=2

: (2.34)
The above modified gravity may be considered as some
approximated form of more realistic viable theory. For
large R, namely, t2sR	 1, the expression of FðRÞ in
(2.34) can be approximately written as
FðRÞ  2
7

1
3
ﬃﬃﬃﬃﬃﬃﬃﬃ
140
p ð2þ 1Þ

ts
t0



5
X
j¼
~pjt
j
s

t5sR
7=2:
(2.35)
III. CORRESPONDING SCALAR FIELD THEORY
In this section, motivated by the discussion in Ref. [47],
we consider the corresponding scalar field theory to modi-
fied gravity with realizing a crossing of the phantom di-
vide, which is obtained by making the conformal
transformation of the modified gravitational theory.
By introducing two scalar fields 	 and 
, we can rewrite
the action (2.1) to the following form [7]:
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃgp  1
22
½
ðR 	Þ þ Fð	Þ þLmatter

:
(3.1)
This is the action in the Jordan frame, in which there exists
a nonminimal coupling between 
 and the scalar curvature
R. The form in Eq. (3.1) is reduced to the original one in
Eq. (2.1) by using the equation 	 ¼ R, which is the equa-
tion of motion of one auxiliary field 
.
We make the following conformal transformation:
g ! g^ ¼ eg; (3.2)
where
e ¼ F0ð	Þ: (3.3)
Here,  is a scalar field and a hat denotes quantities in the
Einstein frame, in which the nonminimal coupling between

 and R in the action (3.1) disappears.
By defining ’ as ’  ﬃﬃﬃﬃﬃﬃﬃﬃ3=2p =, we obtain the follow-
ing canonical scalar field theory:
SST ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃg^p  R^
22
 1
2
g^@’@’ Vð’Þ
þ e2
ﬃﬃﬃﬃﬃﬃ
2=3
p
’Lmatter

: (3.4)
The detailed derivation of the action (3.4) is given in
Appendix C.
We now investigate the case in which FðRÞ is given by
FðRÞ ¼ c1M2

R
M2
n
; (3.5)
where c1 is a dimensionless constant andM denotes a mass
scale. The form of FðRÞ in Eq. (2.35) corresponds to the
one in Eq. (3.5) with n ¼ 7=2. It may seem that such a
model may have problems in the description of the past
Universe evolution. However, there is the trick to make its
past evolution consistent with observations described in
Ref. [33]. It uses the introduction of compensating dark
energy dominated at an intermediate Universe, which dis-
appears effectively at the current Universe. Our primary
purpose in this work is to describe a current universe
FIG. 1. Behavior of t2sFð ~RÞ as a function of ~R for  ¼ 1=2,
~pþ ¼ 1=tþs , ~p ¼ 0, þ ¼ ð1þ 2
ﬃﬃﬃﬃﬃ
19
p Þ=2, and ts ¼ 2t0.
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admitting the phantom divide crossing in modified gravity,
so we will not discuss the past evolution of the model under
discussion. In this case, the scale factor aðtÞ and the scalar
curvature R are given by [47]
aðtÞ ¼ aðts  tÞðnþ1Þð2nþ1Þ=ðnþ2Þ; (3.6)
and
R ¼ 6nðnþ 1Þð2nþ 1Þð4nþ 5Þðnþ 2Þ2
1
ðts  tÞ2
; (3.7)
respectively. From Eqs. (3.2) and (3.3), we find
dt^ ¼ e=2dt; (3.8)
e=2 ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃnc1p
 ðnþ 2Þ2
6nðnþ 1Þð2nþ 1Þð4nþ 5Þ
ðnþ1Þ=2
Mnþ1ðts  tÞnþ1; (3.9)
where we have used Eq. (3.7). It follows from Eq. (3.9) that
the relation between the cosmic time in the Einstein frame t^
and that in the Jordan frame is given by
t^ ¼ 

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃnc1p
nþ 2
 ðnþ 2Þ2
6nðnþ 1Þð2nþ 1Þð4nþ 5Þ
ðnþ1Þ=2
Mnþ1ðts  tÞnþ2: (3.10)
If n <2, the limit of t! ts corresponds to that of t^!

1. For the case of Eq. (2.35), n ¼ 7=2. From Eqs. (3.2)
and (3.3), we also find that the metric in the Einstein frame
is expressed as
ds^2 ¼ eds2 ¼ dt^2 þ a^ðt^Þdx2; (3.11)
where a^ðt^Þ is the scale factor in the scalar field theory given
by
a^ðt^Þ ¼ ^at^3½ðnþ1Þ=ðnþ2Þ2 ; (3.12)
^a ¼ a


 1
nþ 2
3½ðnþ1Þ=ðnþ2Þ2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃnc1p
 ðnþ 2Þ2
6nðnþ 1Þð2nþ 1Þð4nþ 5Þ
ðnþ1Þ=2
Mnþ1
ð2n2þ2n1Þ=ðnþ2Þ2
: (3.13)
For n ¼ 7=2, because when t! ts, t^! 
1, it follows
from Eq. (3.12) that the scale factor in the scalar field
theory a^ðt^Þ diverges at infinite time.
Consequently, the ‘‘finite-time’’ big rip singularity in
FðRÞ gravity, i.e., in the Jordan frame, becomes the
‘‘infinite-time’’ one in the corresponding scalar field theory
obtained through the conformal transformation of the the-
ory of FðRÞ gravity, namely, in the Einstein frame. This
shows the physical difference of late-time cosmological
evolutions between the theory of FðRÞ gravity and the
corresponding scalar field theory, which are mathemati-
cally equivalent theories.
IV. RELATIONS BETWEEN SCALAR FIELD
THEORIES AND THE CORRESPONDING
THEORIES OF FðRÞ GRAVITY
In this section, following the considerations in
Refs. [47,48], we investigate the relations between scalar
field theories and the corresponding transformations to
FðRÞ gravity.
The action of scalar field theories in the Einstein frame is
given by
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃg^p  R^
22

 1
2
g^@@ ~WðÞ

: (4.1)
Here, in the nonphantom phase the sign of the kinetic term
is , while in the phantom one that is þ.
To study the corresponding theories of FðRÞ gravity, we
make the inverse conformal transformation of the action of
the scalar field theories (4.1). In the nonphantom phase, we
use the inverse conformal transformation [48] in order to
vanish the kinetic term of 
g^  ! g ¼ e
ﬃﬃﬃﬃﬃ
2=3
p
g^: (4.2)
As a consequence, the action in the Jordan frame for the
nonphantom phase is given by
SNP ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃgp FNPðRÞ
22
; (4.3)
FNPðRÞ  e
ﬃﬃﬃﬃﬃ
2=3
p
ðRÞR 22e2
ﬃﬃﬃﬃﬃﬃ
2=3
p
ðRÞ ~WððRÞÞ:
(4.4)
The scalar field  is just an auxiliary field and can be
expressed in terms of the scalar curvature as  ¼ ðRÞ
by solving the equation of motion of :
R ¼ e
ﬃﬃﬃﬃﬃ
2=3
p


42 ~WðÞ  ﬃﬃﬃ6p d ~WðÞ
d

: (4.5)
Similarly, in the phantom phase we use the complex
conformal transformation [47] in order to vanish the ki-
netic term of 
g^  ! g ¼ ei
ﬃﬃﬃﬃﬃ
2=3
p
g^: (4.6)
As a result, the action in the Jordan frame for the phantom
phase is given by
SP ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃgp FPðRÞ
22
; (4.7)
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FPðRÞ  ei
ﬃﬃﬃﬃﬃ
2=3
p
ðRÞR 22ei2
ﬃﬃﬃﬃﬃ
2=3
p
ðRÞ ~WððRÞÞ:
(4.8)
The equation of motion of  is given by
R ¼ ei
ﬃﬃﬃﬃﬃ
2=3
p


42 ~WðÞ 
 i ﬃﬃﬃ6p d ~WðÞ
d

: (4.9)
This equation can be solved with respect to  as  ¼ ðRÞ.
In general, scalar field theories describing the nonphan-
tom (phantom) phase can be represented as the theories of
real (complex) FðRÞ gravity through the inverse (complex)
conformal transformation [47,48]. We note that the con-
sideration of this section can be applied to not only the
model in Eq. (2.18) but also to any other scalar field
theories with/without the crossing of the phantom divide:
e.g., the case in which the Hubble rate is given by Eq. (B4).
In Appendix D, we examine the more detailed relation
between the scalar field theories with realizing a crossing
of the phantom divide and the corresponding theories of
FðRÞ gravity.
V. MODEL OF FðRÞ GRAVITY WITH THE
TRANSITION FROM THE DE SITTER UNIVERSE
TO THE PHANTOM PHASE
In this section, we reconstruct a model of FðRÞ gravity in
which the transition from the de Sitter universe to the
phantom phase can occur by using the method explained
in Sec. II A.
A. Reconstruction of the viable FðRÞ gravity
The interesting viable model is proposed in Ref. [36]. It
is known that the above model is a very realistic modified
gravitational theory that evade solar-system tests, which
was mentioned also in Ref. [49]. As shown in the above
Ref. [36], this model could reproduce the viable cosmic
expansion, correctly describing the phases before dark
energy epoch. Hence, our Universe is asymptotically
de Sitter space. The form of the model in Ref. [36] and
its generalization is presented in Appendix E.
As an example realizing the transition from the de Sitter
universe to the phantom phase, we can consider the follow-
ing form of the Hubble rate:
H ¼ g0 þ g1ts  t ; (5.1)
where g0, g1, and ts are positive constants. When t! 1,
H goes to a constant H ! g0. Hence, the Universe is
asymptotically de Sitter space. On the other hand, when
t! ts, the second term on the right-hand side of Eq. (5.1)
dominates, and H behaves as H  g1=ðts  tÞ. It follows
from _H  g1=ðts  tÞ2 > 0 and Eq. (2.24) that weff <1,
namely, the Universe enters the phantom phase. Then there
appears the big rip singularity at t ¼ ts. For the case of
Eq. (5.1), R is given by
R ¼ 6

2g20 þ
4g0g1
ts  t þ
g1ð2g1 þ 1Þ
ðts  tÞ2

: (5.2)
We consider the case in which the contribution from
matter could be neglected. We take it into account later.
Equation (5.1) shows
d~gðÞ
d
¼ g0 þ g1ts  ; (5.3)
where we have taken  ¼ t. Substituting Eq. (5.3) into
Eq. (2.11), we obtain
0 ¼ d
2PðÞ
d2


g0 þ g1ts 

dPðÞ
d
þ 2g1ðts Þ2
PðÞ:
(5.4)
The solution is given by
PðzÞ ¼ CþzFKð; ~; zÞ
þ Cz1~FKð ~þ 1; 2 ~; zÞ; (5.5)
where
z  g0ð tsÞ;
  1 g1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g21  10g1 þ 1
q
4
;
~  1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
g21  10g1 þ 1
q
2
;
FKð; ~; zÞ ¼
X1
n¼0
ðþ 1Þ    ðþ n 1Þ
~ð~þ 1Þ    ð~þ n 1Þ
zn
n!
:
(5.6)
Here, FK is the Kummer functions (confluent hypergeo-
metric function), and Cþ and C are dimensionless con-
stants. Using Eqs. (2.12) and (5.5), we obtain
QðzÞ ¼ 6g20

1 g1
z

Cþz1

ð g1 þ zÞFKð; ~; zÞ
þ 
~
zFKðþ 1; ~þ 1; zÞ

þ Cz~

ð1 ~ g1 þ zÞ
 FKð ~þ 1; 2 ~; zÞ
þ  ~þ 1
2 ~ zFKð ~þ 2; 3 ~; zÞ

: (5.7)
In Eqs. (5.5) and (5.7), because we take  ¼ t, z ¼ g0ðt
tsÞ.
It follows from Eq. (5.2) that when t! 1, namely, in
de Sitter phase, R becomes constant as R 12g20. On the
other hand, when t! ts, R 6g1ð2g1 þ 1Þ=ðts  tÞ2.
Using this relation and z ¼ g0ðt tsÞ, we find
zg0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6g1ð2g1 þ 1Þ
R
s
: (5.8)
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In the limit of t! ts, jzj  1 because R diverges.
Expanding the Kummer functions in Eqs. (5.5) and (5.7)
and taking the first leading order in z, from Eqs. (2.4) and
(5.8) we find that the form of FðRÞ in this limit is approxi-
mately expressed as
FðRÞ  Rð~ 1Þð2g1þ 1Þ

Cþð 1Þðþg1þ 1Þ
 ½g0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6g1ð2g1þ 1Þ
q
R=2Cð ~Þ
 ð2 ~þg1Þ½g0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6g1ð2g1þ 1Þ
q
1~Rð1~Þ=2

:
(5.9)
Next, we study the case in which there exists the matter.
We consider the cold dark matter with w ¼ 0. We numeri-
cally solve Eq. (2.11) with the cold dark matter. To execute
this, for simplicity, we set tsg0 ¼ g1 in Eq. (5.1). We show
the behavior of Fð ~RÞ=ð22Þ in Fig. 2. From Fig. 2, we see
that Fð ~RÞ increases in terms of ~R. The detailed explanation
of the numerical calculations is given in Appendix F.
B. Addition of a nonlocal term to the viable modified
gravity models
It seems very difficult in the framework of FðRÞ gravity
to construct a model generating the transition from
de Sitter space to the phantom phase in the viable model
of the previous subsection. One may add any term, which is
a function of R, to such models. The term should be small
in the present Universe and may be small even in the past
Universe, where the curvature could be large. Hence, the
term should dominate only at small curvature, that is,
smaller one than the present curvature. In the asymptoti-
cally de Sitter model above, however, the present Universe
is asymptotic de Sitter space, where the curvature is (al-
most) constant. Thus, the curvature cannot become smaller
than the order of the curvature in the present Universe and
the added term never dominates.
Let us add a nonlocal term to any model from Ref. [37]
by using a proper function K:
f ¼ Kðh1RÞRm; (5.10)
where m is a positive constant. In the de Sitter universe
where the curvature and the Hubble rate are constant R ¼
R0, H ¼ H0, we find
h1R ¼  R0
3H0
tþ c4e3H0t þ c5; (5.11)
where c4 and c5 are constants of the integration. For large t,
we find h1R ½R0=ð3H0Þt. If we choose K to be a
slowly increasing function, f dominates in the future. If
K is slowly varying function and could be regarded to be a
constant, the total FðRÞ behaves as FðRÞ  Rm, which
gives
H ¼
~h0
t
; ~h0 ¼ ðm 1Þð2m 1Þm 2 ; (5.12)
when ~h0 > 0 or
H ¼ 
~h0
ts  t ;
~h0 ¼ ðm 1Þð2m 1Þm 2 ; (5.13)
when ~h0 < 0. Here, ~h0 is a constant.
Alternatively, the addition of an extra scalar field may
bring the evolution to the phantom era. This is because
such terms can become larger at the constant curvature and
hence may induce such a crossing in realistic models.
At present, it is not so clear if such nonlocal models
could be variable or not due to technical problems, but this
model has a possibility to explain the complicated cosmic
expansion, especially the coincidence problem. We now
consider the models including such nonlocal terms to show
the generality of our method.
We remark that as shown in Ref. [26], such a theory may
successfully pass the solar-system tests, and that as dem-
onstrated in Ref. [25], such nonlocal models may correctly
reproduce the whole expansion history of the Universe
expansion, at least in their equivalent scalar-tensor form.
VI. STABILITY UNDER A QUANTUM
CORRECTION
In this section, we examine the stability for the obtained
solutions of the crossing of the phantom divide under a
quantum correction of massless conformally-invariant
fields. It is convenient to do it by taking account of con-
formal anomaly induced effective pressure and energy
density. Note that we do not discuss the quantum regime
of modified gravity itself because it is relevant at strong
curvature (near to the Planck scale) where the form of
modified gravity may be quite different from the one at
the late Universe.
FIG. 2. Behavior of Fð ~RÞ=ð22Þ as a function of ~R. Legend is
the same as Fig. 3.
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Quantum effects produce the conformal anomaly
TA ¼ b

Fþ 23hR

þ b0Gþ b00hR; (6.1)
Here, F: the square of 4d Weyl tensor, G: Gauss-Bonnet
invariant, which are given as
F ¼ 13R2  2RijRij þ RijklRijkl;
G ¼ R2  4RijRij þ RijklRijkl:
(6.2)
In the FRW background (2.6), we find
F ¼ 0; G ¼ 24ð _HH2 þH4Þ: (6.3)
For N real scalar, N1=2 Dirac spinor, N1 vector fields, N2
( ¼ 0 or 1) gravitons and NHD higher-derivative conformal
scalars,
b ¼ N þ 6N1=2 þ 12N1 þ 611N2  8NHD
120ð4Þ2 ;
b0 ¼ N þ 11N1=2 þ 62N1 þ 1411N2  28NHD
360ð4Þ2 :
(6.4)
b00 can be arbitrary and we may choose, for example, b00 ¼
2b=3 or b00 ¼ 0. If we assume TA can be given by the
effective energy density A and pressure pA from the
conformal anomaly as
TA ¼ A þ 3pA; (6.5)
and A and pA satisfy the conservation law,
_ A þ 3HðA þ pAÞ ¼ 0; (6.6)
we find
A ¼  1
a4
Z
dta4HTA;
pA ¼  1
3a4
Z
dta4HTA þ TA3 :
(6.7)
On the other hand, Eqs. (C6) and (C7) give the effective
energy density F and pressure pf from fðRÞ ¼ FðRÞ  R
term:
2F ¼ 12ðFðRÞ  RÞ þ 3ðH2 þ _HÞðF0ðRÞ  1Þ
 18ð4H2 _H þH €HÞF00ðRÞ;
2pF ¼ 12ðFðRÞ  RÞ  ð3H2 þ _HÞðF0ðRÞ  1Þ
þ 6ð8H2 _H þ 4 _H2 þ 6H €H þH:::ÞF00ðRÞ
þ 36ð4H _H þ €HÞ2F000ðRÞ:
(6.8)
We now investigate the magnitude of A, pA, F, and pF
when the phantom crossing occurs, when _H ¼ 0. We
assume the magnitude of the Hubble rate H could be the
order of the present Hubble constant H0:
H H0  1033 eV: (6.9)
Expressions on (6.7) tells that we may assume A  pA 
TA. Then we find
A  pA  CH40 : (6.10)
Here, C is a dimensionless constant coming from b, b0, b00,
and numerical constants and therefore C 1023. On the
other hand, expressions in (6.8) tell that we may assume
F  pF  fðRÞ=2. Since fðRÞ plays the role of the
effective cosmological constant, we also assume fðRÞ 
H20 , and we find
F  pF H
2
0
2
: (6.11)
Since 1= 1028 eV, we find
jFj 	 jAj; jpFj 	 jpAj: (6.12)
Therefore, the quantum correction could be small when the
phantom crossing occurs and the obtained solutions of the
phantom crossing in this paper could be stable under the
quantum correction. We should note that the quantum
correction becomes important near the big rip singularity,
where the curvature becomes very large.
VII. CONCLUSION
In the present paper, we have considered a crossing of
the phantom divide in modified gravity. We have recon-
structed an explicit model of modified gravity in which a
crossing of the phantom divide can occur by using the
reconstruction method proposed in Ref. [33]. As a result,
we have shown that the (finite-time) big rip singularity
appears in the reconstructed model of modified gravity
(i.e., in the Jordan frame), whereas that in the correspond-
ing scalar field theory obtained through the conformal
transformation (i.e., in the Einstein frame) the singularity
becomes the infinite-time one. Furthermore, we have in-
vestigated the relations between scalar field theories with
realizing a crossing of the phantom divide and the corre-
sponding modified gravitational ones by using the inverse
conformal transformation of scalar field theories. It has
been demonstrated that the scalar field theories describing
the nonphantom phase (phantom one with the big rip
singularity) can be represented as the theories of real
(complex) FðRÞ gravity through the inverse (complex)
conformal transformation. Moreover, taking into account
the fact that in the viable models [36–38], which are very
realistic modified gravities that evade solar-system tests,
our Universe is asymptotically de Sitter space, we have
also proposed a model of modified gravity in which the
transition from the de Sitter universe to the phantom phase
can occur. We have found that to construct a viable model
generating the transition from de Sitter space to the phan-
tom phase, additional nonlocal term or almost equivalent
scalar field is necessary. It would be interesting to recon-
sider this problem in the presence of ideal fluid matter. In
addition, we have examined the stability for the obtained
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solutions of the crossing of the phantom divide under a
quantum correction coming from conformal anomaly.
The study of the future evolution of the Universe as
discussed in this paper may be important to understand
whether our Universe evolves eternally or it will enter into
the finite-time singularity. Additionally, this may shed
extra light to some specific properties of different dark
energy models and may help in selecting correct descrip-
tions for the dark side of the Universe.
The originality of this work is to reconstruct an explicit
model of modified gravity in which a crossing of the
phantom divide can be realized. This point goes beyond
the already existing literature. We have demonstrated that
in principle the crossing of the phantom divide can occur at
the present time or in the near future in the framework of
modified gravity without introducing any extra scalar com-
ponents with the wrong kinetic sign such as a phantom.
This corresponds to the proof that the crossing of the
phantom divide is possible also for modified gravity theo-
ries, which seem to be much less pathologic than the usual
phantom scalar models of dark energy, similar to the scalar
field theories in the framework of general relativity. The
demonstration in this work can be regarded as a significant
step to construct a more realistic model of modified gravity
to correctly describe the expansion history of the Universe.
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APPENDIX A: NOTE ON THE RECONSTRUCTION
METHOD
In this appendix, we note the following point on the
reconstruction method explained in Sec. II A.
In the action (2.2), if we redefine the auxiliary scalar
field  by  ¼ ð’Þ by using a proper function , and
define ~Pð’Þ  Pðð’ÞÞ and ~Qð’Þ  Qðð’ÞÞ, the action
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃgp  1
22
½ ~Pð’ÞRþ ~Qð’Þ þLmatter

(A1)
is equivalent to the action (2.2) because this gives identical
FðRÞ gravity. This can be explicitly confirmed as follows:
First we should note that Eq. (2.3) is modified as
0 ¼ d ~Pð’Þ
d’
Rþ d
~Qð’Þ
d’
¼

dPðð’ÞÞ
d
Rþ dQðð’ÞÞ
d

d
d’
: (A2)
Then we can solve ’ with respect to R by
’ ¼ ’ðRÞ ¼ 1ððRÞÞ: (A3)
Here, ’ is the inverse function of . Hence, the obtained
~FðRÞ, corresponding to (2.4), is
~FðRÞ  ~Pð’ðRÞÞRþ ~Qð’ðRÞÞ
¼ Pðð1ððRÞÞÞRþQðð1ððRÞÞÞ
¼ PððRÞÞRþQððRÞÞ ¼ FðRÞ: (A4)
Thus, the obtained FðRÞ could be identical. Consequently,
there are always ambiguities for the choice in  like a
gauge symmetry. In the FRWuniverse, we now assume that
we have solved the FðRÞ-gravity theory and obtained R as a
function of time t as R ¼ RðtÞ. Then can be expressed as
a function of t,  ¼ ~ðtÞ, by a proper function ~. If we
redefine a scalar field by ’ ¼ ~1ðÞ by using the inverse
function ~1 of ~, we obtain ’ ¼ t. Hence, we can al-
ways, at least locally, identify  with time t,  ¼ t, which
can be interpreted as a gauge condition corresponding to
the reparameterization of  ¼ ð’Þ.
There could be several cases where we cannot construct
FðRÞ. One possibility is that the differential Eq. (2.11) has
no consistent solution. Another possibility could be the
case where the algebraic Eq. (2.3) has no solution for
obtained P and Q (for example, P and/or Q is a constant).
APPENDIX B: RECONSTRUCTION OF AN
EXPLICIT MODEL
In this appendix, we demonstrate that Eq. (2.13) can be a
solution of Eq. (2.11) without matter.
We start with Eq. (2.11) without matter:
0 ¼ d
2PðÞ
d2
 d~gðÞ
d
dPðÞ
d
þ 2 d
2~gðÞ
d2
PðÞ: (B1)
By redefining PðÞ as Eq. (2.13), Eq. (B1) is rewritten to
1
~pðÞ
d2 ~pðÞ
d2
¼ 25e~gðÞ=10 d
2ðe~gðÞ=10Þ
d2
: (B2)
We now consider the model Eq. (2.14). In this case,
Eq. (B2) is reduced to
1
~pðÞ
d2 ~pðÞ
d2
¼ 25ðþ 1Þ
2
; (B3)
which can be solved as Eq. (2.15).
We mention the following point about the form of ~gðÞ
in Eq. (2.14). From Eq. (2.19), we see that as the Universe
evolves, the sign of _H has to change in time so that a
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crossing of the phantom divide can occur. To realize such a
behavior of H, there must exist (at least) two terms of  in
the brackets [] of the logarithmic function on the right-hand
side of Eq. (2.14). [Incidentally, the reason why we select
the coefficient ‘‘10’’ on the right-hand side of Eq. (2.20) is
to obtain the solution analytically.] As another form of the
Hubble rate realizing a crossing of the phantom divide,
there is the following model [15]:
H ¼ h0

1
t
þ 1
ts  t

; (B4)
where h0 is a positive constant. It has been shown that this
cosmology can be constructed in terms of multiple scalar
field theories [15]. This form also consists of two terms in t.
In this model, _H ¼ h0ð2t tsÞts=½t2ðts  tÞ2. It follows
from Eq. (2.19) that when t < ts=2, _H < 0 and hence the
Universe is in nonphantom phase (weff >1), but that
when t > ts=2, _H > 0 and thus the Universe is in phantom
phase (weff <1). It is not hard to formulate the explicit
model of modified gravity with the above type of the
crossing of the phantom divide.
APPENDIX C: DERIVATION OF THE
CORRESPONDING SCALAR FIELD THEORY
In this appendix, we derive the expression of the action
(3.4).
It follows from the action (3.1) that the equation of
motion of the other auxiliary field 	 is given by

 ¼ F0ð	Þ; (C1)
where the prime denotes differentiation with respect to 	 .
Substituting Eq. (C1) into Eq. (3.1) and eliminating 
 from
Eq. (3.1), we find
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃgp  1
22
ðF0ð	ÞRþ Fð	Þ  F0ð	Þ	Þ
þLmatter

: (C2)
We make the conformal transformation (3.2) with Eq. (3.3)
of the action (C2). Consequently, the action in the Einstein
frame is given by [39,50]
SE ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃg^p  1
22

R^ 3
2
g^@@ VðÞ

þ e2Lmatter

; (C3)
where
VðÞ ¼ e	ðÞ  e2Fð	ðÞÞ ¼ 	
F0ð	Þ 
Fð	Þ
ðF0ð	ÞÞ2 ;
(C4)
and g^ is the determinant of g^. In deriving Eqs. (C3) and
(C4), we have used Eq. (3.3). In addition, 	ðÞ in Eq. (C4)
is obtained by solving Eq. (3.3) with respect to 	 as 	 ¼
	ð’Þ. By defining ’ as ’  ﬃﬃﬃﬃﬃﬃﬃﬃ3=2p =, the action (C3) is
reduced to the form of the canonical scalar field theory
(3.4).
From the action (2.1), we find that the gravitational field
equation is given by
F0ðRÞR  12gFðRÞ þ ghF0ðRÞ  rrF0ðRÞ
¼ 2TðmatterÞ : (C5)
When there is no matter, in the FRW background (2.6)
the ð; Þ ¼ ð0; 0Þ component and the trace part of the
ð; Þ ¼ ði; jÞ component of Eq. (C5), where i and j run
from 1 to 3, are given by
3H2 ¼ 12ðFðRÞ  RÞ þ 3ðH2 þ _HÞðF0ðRÞ  1Þ
 18ð4H2 _HþH €HÞF00ðRÞ; (C6)
and
ð2 _H þ 3H2Þ ¼ 12ðFðRÞ  RÞ  ð3H2 þ _HÞðF0ðRÞ  1Þ
þ 6ð8H2 _H þ 4 _H2 þ 6H €H þH:::HÞF00ðRÞ
þ 36ð4H _H þ €HÞ2F000ðRÞ; (C7)
respectively. Using Eqs. (C6) and (C7), it follows
2 _HF0ðRÞ þ 6ð4H2 _H þ 4 _H2 þ 3H €H þH:::ÞF00ðRÞ
þ 36ð4H _H þ €HÞ2F000ðRÞ ¼ 0: (C8)
APPENDIX D: CORRESPONDENCE BETWEEN
THE SCALAR FIELD THEORIES AND FðRÞ
GRAVITIES
In this appendix, we explore the scalar field theories with
realizing a crossing of the phantom divide in the Einstein
frame and consider the behavior of the corresponding
theories of FðRÞ gravity.
1. Scalar field theories
The action of scalar field theories in the Einstein frame is
given by
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃg^p  R^
22
 1
2
!ðÞg^@@WðÞ

;
(D1)
where!ðÞ is a functions of the scalar field andWðÞ is
the potential of .
In the FRW background (2.6), the Einstein equations are
given by
3
2
H2 ¼ ;  2
2
_H ¼ p þ ; (D2)
where the energy density  of the scalar field  and the
pressure p of it are given by
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 ¼ 12!ðÞ _2 þWðÞ; p ¼ 12!ðÞ _2 WðÞ;
(D3)
respectively. Using equations in (D2) and (D3), we obtain
!ðÞ _2 ¼  2
2
_H; (D4)
WðÞ ¼ 1
2
ð3H2 þ _HÞ: (D5)
It is the interesting case that!ðÞ andWðÞ are defined
in terms of a single function IðÞ as [48]
!ðÞ ¼  2
2
dIðÞ
d
; (D6)
WðÞ ¼ 1
2

3I2ðÞ þ dIðÞ
d

: (D7)
Thus, we can find the solutions
 ¼ t; H ¼ IðtÞ: (D8)
In what follows, we consider the case in which these
solutions are satisfied.
If we define a new scalar field  as
 
Z
d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j!ðÞj
q
; (D9)
the action (D1) can be rewritten to the form in Eq. (4.1),
where the sign in front of the kinetic term depends on that
of !ðÞ. If the sign of !ðÞ is positive (negative), that of
the kinetic term is ðþÞ. In the nonphantom phase, the
sign of the kinetic term is always , and in the phantom
one it is always þ. In principle, it follows from Eq. (D9)
that  can be solved with respect to  as  ¼ ðÞ.
Hence, the potential ~WðÞ is given by ~WðÞ ¼ WððÞÞ.
In the case of the model explained in Sec. II B, it follows
from Eq. (2.18) that IðÞ is given by
IðÞ ¼

10

þ ðþ 1ÞðtsÞ2þ1
1 ðtsÞ2þ1

: (D10)
From the solutions in (D8), we find that Eq. (D10) gives
H ¼

10
t
þ ðþ 1Þð ttsÞ2þ1
1 ð ttsÞ2þ1

: (D11)
In deriving the expressions in (D10) and (D11), we have
used Eq. (2.17). In this case, from Eqs. (D6), (D7), and
(D9) we find
!ðÞ ¼ 20½ 4ðþ 1Þð

ts
Þ2þ1  ðþ 1ÞðtsÞ2ð2þ1Þ
22½1 ðtsÞ2þ12
;
(D12)
 ¼
ﬃﬃﬃﬃﬃ
20
p

Z
d
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j 4ðþ 1ÞðtsÞ2þ1  ðþ 1ÞðtsÞ2ð2þ1Þj
q
½1 ðtsÞ2þ1
; (D13)
~WðÞ ¼ 10
22ðÞ½1 ððÞts Þ2þ12

ð30 1Þ þ 64ðþ 1Þ

ðÞ
ts

2þ1 þ ðþ 1Þð30þ 31Þ

ðÞ
ts

2ð2þ1Þ
:
(D14)
As shown in Sec. II B, when t < tc, _H < 0 (nonphantom
phase), and it follows from Eq. (D4) that !> 0. In the
nonphantom phase, the sign of the kinetic term in the
action (4.1) is . On the other hand, when t > tc, _H > 0
(phantom phase), and from Eq. (D4) we see that !< 0. In
the phantom phase, the sign of the kinetic term in the action
(4.1) is þ. When t ¼ tc, ! ¼ 0 and the transition from
nonphantom phase to phantom one occurs [41].
2. Corresponding theories of FðRÞ gravity
We investigate the behavior of the modified gravity (4.8)
in the limit of t! ts for the case in which the potential
~WððRÞÞ is given by Eq. (D14). If the scalar field  is real,
it follows from Eq. (4.9) that the scalar curvature R is not
always real. In order for R to be real, the following condi-
tion should be satisfied [47]:
ei
ﬃﬃﬃﬃﬃ
2=3
p


42 ~WðÞ  i ﬃﬃﬃ6p d ~WðÞ
d

¼ ei
ﬃﬃﬃﬃﬃ
2=3
p


42 ~WðÞ þ i ﬃﬃﬃ6p d ~WðÞ
d

: (D15)
This condition is reduced to
1
~WðÞ
d ~WðÞ
d
¼ 2
ﬃﬃﬃ
2
3
s
 tan
ﬃﬃﬃ
2
3
s
: (D16)
Except for the form of ~WðÞ satisfying Eq. (D16), R is
complex if  is real. The form of ~WðÞ in Eq. (D14) cannot
satisfy Eq. (D16). This applies to the case in which the
Hubble rate is given by Eq. (B4). If the scalar field  is pure
imaginary and expressed as  ¼ i, where  is a real
scalar field, and the potential ~WðÞ contains only even
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power of , Eq. (4.9) is rewritten to
R ¼ e

ﬃﬃﬃﬃﬃ
2=3
p


42 ~Wð2Þ  2 ﬃﬃﬃ6p d ~Wð2Þ
dð2Þ

; (D17)
which tells that R is real. In fact, however, that the action
(4.1) with the þ sign of the kinetic term is reduced to [47]
S ¼
Z
d4x
ﬃﬃﬃﬃﬃﬃﬃg^p  R^
22
 1
2
g^@@ ~Wð2Þ

:
(D18)
This action corresponds to the nonphantom (canonical)
theory. As a consequence, if the scalar field theory de-
scribes the phantom phase with the big rip singularity, the
corresponding theory of FðRÞ gravity is usually complex.
(Note that a counterexample is known [47], but even in this
case, when t! ts, the modified gravity becomes complex.)
When t! ts, from Eq. (D14) ~WðÞ diverges and hence
FPðRÞ also diverges.
In the Einstein frame, the scalar field couples with
matter and therefore, the frame could be unphysical. The
coupling changes the scale of time interval. We usually
measure the time by using electromagnetism. In the limit
of neglecting the local gravity, the measured time corre-
sponds to the cosmological time in the Jordan frame but
not in the Einstein frame.
APPENDIX E: EXAMPLES OF VIABLE FðRÞ
GRAVITY MODELS
In this appendix, we show examples of viable FðRÞ
gravity models.
The modified part in FðRÞ in the action (2.1) can be
separated as
FðRÞ ¼ Rþ fðRÞ; (E1)
where fðRÞ is an arbitrary function of the scalar curvature
R. The interesting viable model proposed in Ref. [36] is
given by
fðRÞ ¼ fHSðRÞ  
M2c2ðR= M2Þp
c3ðR= M2Þp þ 1
¼  M
2c2
c3
þ M
2c2=c3
c3ðR= M2Þp þ 1
; (E2)
where c2 and c3 are dimensionless constants, p is a positive
constant, and M denotes a mass scale. In this model, when
R= M2 ! 1, fHSðRÞ   M2c2=c3 ¼ const.
The generalizations of the above model, which admits
the unification of early-time inflation with late-time accel-
eration (with intermediate radiation/matter dominance),
have been proposed in Ref. [37]. The example of such a
theory is given by
fðRÞ ¼ 0

tanh

b0ðR R0Þ
2

þ tanh

b0R0
2

 I

tanh

bIðR RIÞ
2

þ tanh

bIRI
2

; (E3)
where 0, I, b0, and bI are constant, and R0 and RI are
constant scalar curvatures. We note that such a theory may
correctly describe the whole expansion history of the
Universe qualitatively: inflation, radiation/matter domi-
nance, and dark energy, as it has been explained in
Ref. [39].
APPENDIX F: NUMERICAL CALCULATIONS
WITH THE MATTER
In this appendix, for the case of Eq. (5.1) with tsg0 ¼ g1,
we explain the numerical calculations of Eq. (2.11) with
the matter in detail.
We define ~g0  tsg0 and Y  1 X with X  t=ts.
From Eqs. (2.10) and (5.1) with tsg0 ¼ g1, H ¼
d~gðtÞ=ðdtÞ and R ¼ 6ð _Hþ 2H2Þ, we obtain
~gðtÞ ¼ ~g0ðY þ logYÞ; (F1)
aðtÞ ¼

1 1


1
Y

~g0
exp

~g0

1 1

 Y

; (F2)
~R ¼ t2sR ¼ 6~g0

2~g0 þ 4~g0Y þ
2~g0 þ 1
Y2

; (F3)
where we have taken a ¼ ð1 1=Þ~g0 exp½~g0ð1 1=Þ
so that the present value of the scale factor should be unity.
The solution of Eq. (F3) with respect to Y is given by
Yð ~RÞ ¼ 1
2~g20  ~R=6

2~g20 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2~g30 þ
~g0ð2~g0 þ 1Þ ~R
6
s 
:
(F4)
In what follows, we use the lower sign in Eq. (F4).
For simplicity, we consider the case in which there exists
a matter with a constant EoS parameter w ¼ p=. In this
case, by using Eq. (F4), Eqs. (2.11) and (2.12) are rewritten
to
½12~g0ð2~g0Y þ 2~g0 þ 1Þ2 d
2Pð ~RÞ
d2 ~R
þ ~g0Y2f12½4~g0Y þ 3ð2~g0 þ 1Þ þ Y3ð1þ YÞg dPð
~RÞ
d ~R
þ 2~g0Y4Pð ~RÞ þ Y6t2s2ð1þ wÞ 

1 1


1
Y

~g0
exp

~g0

1 1

 Y
3ð1þwÞ ¼ 0 (F5)
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and
t2sQð ~RÞ ¼ 6~g20

1þ Y
Y

2
Pð ~RÞ  72~g20

1þ Y
Y3



2~g0 þ 2~g0 þ 1Y

dPð ~RÞ
d ~R
þ 2t2s2 

ð1 1


1
Y

~g0
 exp

~g0

1 1

 Y
3ð1þwÞ
; (F6)
respectively. Here,  corresponds to the present energy
density of the matter. In particular, we use the present
value of the cold dark matter with w ¼ 0 for , i.e.,
 ¼ 0:233c [2], where c ¼ 3H20=ð8GÞ ¼ 3:97
1047 GeV4 is the critical energy density. From Eq. (2.4)
and ~R ¼ t2sR, we have
Fð ~RÞ
22
¼ 1
22t2s
ðPð ~RÞ ~Rþ t2sQð ~RÞÞ: (F7)
To examine Fð ~RÞ, we numerically solve Eqs. (F5)–(F7).
In Fig. 3, we depict Pð ~RÞ andQð ~RÞ=2 as functions of ~R.
The range of ~R is given by 30  ~R  1000, corresponding
to 0<X ¼ t=ts < 1. Here, we have taken the initial con-
ditions as Pð ~R ¼ 30Þ ¼ 1:0 and dPð ~R ¼ 30Þ=ðd ~RÞ ¼ 1:0.
By using Eq. (F7), we show the behavior of Fð ~RÞ=ð22Þ in
Fig. 2.
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